We consider a family of linearly elastic shells with thickness 2ε (where ε is a small parameter). The shells are clamped along a portion of their lateral face, all having the same middle surface S, and may enter in contact with a rigid foundation along the bottom face.
Introduction
In solid mechanics, the obtention of models for rods, beams, plates and shells is based on a priori hypotheses on the displacement and/or stress fields which, upon substitution in the three-dimensional equilibrium and constitutive equations, lead to useful simplifications. Nevertheless, from both constitutive and geometrical point of views, there is a need to justify the validity of most of the models obtained in this way.
For this reason a considerable effort has been made in the past decades by many authors in order to derive new models and justify the existing ones by using the asymptotic expansion method, whose foundations can be found in [23] . Indeed, the first applied results were obtained with the justification of the linearized theory of plate bending in [7, 11] .
The theories of beam bending and rod stretching also benefited from the extensive use of asymptotic methods and so the justification of the BernoulliNavier model for the bending-stretching of elastic thin rods was provided in [3] . Later, the nonlinear case was studied in [10] and the analysis and error estimation of higher-order terms in the asymptotic expansion of the scaled unknowns was given in [17] . In [29] , the authors use the asymptotic method to justify the Saint-Venant, Timoshenko and Vlassov models of elastic beams.
A description of the mathematical models for the three-dimensional elasticity, including the nonlinear aspects, together with a mathematical analysis of these models, can be found in [4] . A justification of the two-dimensional equations of a linear plate can be found in [7] . An extensive review concerning plate models can be found in [5] , which also contains the justification of the models by using asymptotic methods. The existence and uniqueness of solution of elliptic membrane shell equations, can be found in [9] and in [8] . These two-dimensional models are completely justified with convergence theorems. A complete theory regarding elastic shells can be found in [6] , where models for elliptic membranes, generalized membranes and flexural shells are presented. It contains a full description of the asymptotic procedure that leads to the corresponding sets of two-dimensional equations.
In the last decade, asymptotic methods have also been used to derive and justify contact models for beams (see [30, 31, 26] ), plates (see [32] ) and shallow shells [20, 21, 22] . Contact phenomena involving deformable bodies abound in industry and everyday life. The contact of braking pads with wheels, a tire with a road, a piston with a skirt, a shoe with a floor, are just a few simple examples. For this reason, considerable effort has been made with the modelling, analysis and numerical approximation of contact problems, and the engineering literature concerning this topic is rather extensive. An early attempt to the study of frictional contact problems within the framework of variational inequalities was made in [12] . Comprehensive references on analysis and numerical approximation of variational inequalities arising from contact problems include [15, 16, 18] . Also, from the numerical point of view, many algorithms have been developed in order to deal with the nonlinearities due to the contact conditions. Three main approaches are usually found in the literature; duality methods, combined with fixed point techniques (see [2] , [14] ), penalty methods (see [18] ) and generalized Newton methods (see [19] ). Mathematical, mechanical and numerical state of the art on the Contact Mechanics can be found in the proceedings [24, 25] , in the special issue [27] and in the monograph [28] , as well.
In the present paper we contribute to continue the pioneering work developed in [20, 21, 22] by removing the definitional restrictions of the shallow shells model. Moreover, in these works, the obstacle is a plane, while here we do not impose any particular shape. As a consequence, in this paper we find different limit models. Moreover, these limit models naturally describe the behaviour of elliptic membranes and flexural shells when in unilateral contact with a rigid foundation. To be precise the limit models can be identified as "obstacle" problems, since now the restrictions are to be imposed in the domain.
Specifically, we analyze the asymptotic behavior of the scaled threedimensional displacement field of an elastic shell in contact with a rigid foundation as the thickness of the shell approaches zero. We consider that the displacements vanish in a portion of the lateral face of the shell, obtaining the variational inequalities of an elastic membrane shell in unilateral contact, or of an elastic flexural shell in unilateral contact, depending on the order of the forces and the geometry. We will follow the notation and style of [6] , where the linear elastic shells without any contact conditions are studied. For this reason, we shall reference auxiliary results which apply in the same manner to the unilateral contact case. One of the major differences with respect to previous works in elasticity without contact, consists in that the various problems are formulated by using inequalities instead of equalities. That will lead to a series of non trivial difficulties that need to be solved in order to find the zeroth-order approach of the solution.
Since the notation is well known in the community, let us advance the models obtained, for the benefit of the reader, the details to be provided or referenced conveniently in the following sections. Let ω be a domain in R 2 , the image of which by a sufficiently smooth function into R 3 represents the middle surface S of a shell of thickness 2ε in its natural state. This shell is made of an elastic homogeneous and isotropic material, it is fixed on a part of its lateral boundary and it is under the influence of volume forces and surface forces on its upper face. Additionally, the shell is in unilateral frictionless contact with a rigid foundation on the bottom face. Under these circumstances, we find the following models for describing the mechanical behaviour of the shell:
Elastic elliptic membrane in unilateral contact: Variational formulation. Assume that S is elliptic and the shell is fixed on the whole lateral face. Then:
where the two-dimensional fourth-order elasticity tensor and the linearized change of metric tensor and applied forces are given, respectively as follows:
Elastic flexural shell in unilateral contact: Variational formulation. Assume that the set K F (ω) introduced below contains non trivial functions. Then:
where the two-dimensional linearized change of curvature tensor is given by:
The structure of the paper is the following: in Section 2 we shall describe the variational and mechanical formulations of the problem in cartesian coordinates in the original domain and we reformulate the variational formulation in curvilinear coordinates. In Section 3 we will use a projection map into a reference domain independent of ε and we will introduce the scaled unknowns and forces as well as the assumptions on coefficients. We also devote this section to recall and derive results which will be needed in what follows.
In Section 4 we show the asymptotic analysis leading to the formulation of the variational inequalities of the elastic shells in unilateral contact. In Section 5 we show the re-scaled versions, with true physical meaning, of the variational formulations of the problems of elastic shells in unilateral contact, classified attending to their boundary conditions and the geometry of the middle surface S, and discuss the existence and uniqueness of solution.
Finally, in Section 6 we shall present some conclusions and describe the future work, namely the obtention of convergence results, to be provided in following papers.
2 The three-dimensional elastic shell contact problem
We denote S d , where d = 2, 3 in practice, the space of second-order symmetric tensors on R d , while " · "will represent the inner product and | · | the usual norm in S d and R d . In what follows, unless the contrary is explicitly written, we will use summation convention on repeated indices. Moreover, Latin indices i, j, k, l, ..., take their values in the set {1, 2, 3}, whereas Greek indices α, β, σ, τ, ..., do it in the set {1, 2}. Also, we use standard notation for the Lebesgue and Sobolev spaces. Let ω be a domain of R 2 , with a Lipschitzcontinuous boundary γ = ∂ω. Let y = (y α ) be a generic point of its closurē ω and let ∂ α denote the partial derivative with respect to y α . Let θ ∈ C 2 (ω; R 3 ) be an injective mapping such that the two vectors a α (y) := ∂ α θ(y) are linearly independent. These vectors form the covariant basis of the tangent plane to the surface S := θ(ω) at the point θ(y). We can consider the two vectors a α (y) of the same tangent plane defined by the relations a α (y) · a β (y) = δ α β , that constitute its contravariant basis. We define
the unit normal vector to S at the point θ(y), where ∧ denotes vector product in R 3 . We can define the first fundamental form, given as metric tensor, in covariant or contravariant components, respectively, by
the second fundamental form, given as curvature tensor, in covariant or mixed components, respectively, by
and the Christoffel symbols of the surface S as
The area element along S is √ ady where
Let γ 0 be a subset of γ, such that meas (γ 0 ) > 0. For each ε > 0, we define the three-dimensional domain Ω ε := ω × (−ε, ε) and its boundary Γ ε = ∂Ω ε . We also define the following parts of the boundary,
) be a generic point ofΩ ε and let ∂ ε i denote the partial derivative with respect to x ε i . Note that x ε α = y α and ∂ ε α = ∂ α . Let Θ : Ω ε → R 3 be the mapping defined by
The next theorem shows that if the injective mapping θ :ω → R 3 is smooth enough, the mapping Θ :Ω ε → R 3 is also injective for ε > 0 small enough (see Theorem 3.1-1, [6] ) and the vectors
In what follows, and for the sake of briefness, we shall omit the explicit dependence on the space variable when there is no ambiguity. Theorem 2.1. Let ω be a domain in R 2 . Let θ ∈ C 2 (ω; R 3 ) be an injective mapping such that the two vectors a α = ∂ α θ are linearly independent at all points ofω and let a 3 , defined in (1). Then there exists ε 0 > 0 such that the mapping Θ :Ω 0 → R 3 defined by
For each ε, 0 < ε ≤ ε 0 , the set Θ(Ω ε ) is the reference configuration of an elastic shell, with middle surface S = θ(ω) and thickness 2ε > 0. By the theorem above, the mapping Θ :Ω ε → R 3 is injective for all ε, 0 < ε ≤ ε 0 and, moreover, the three vectors g ε i (x ε ) form the covariant basis at the point Θ(x ε ), and g i,ε (x ε ) defined by the relations
form the contravariant basis at the point Θ(x ε ). The covariant and contravariant components of the metric tensor are defined, respectively, as
and Christoffel symbols as
The volume element in the set Θ(Ω ε ) is √ g ε dx ε and the surface element in Θ(Γ ε ) is √ g ε dΓ ε where
Let n ε (x ε ) denote the unit outward normal vector on x ε ∈ Γ ε andn ε (x ε ) the unit outward normal vector onx
We are particularly interested in the normal components of vectors on Θ(Γ ε C ). Recall that on Γ ε C , it is verified that n ε = (0, 0, −1). Also, note that from (5) we deduce that g ε 3 = g 3,ε = a 3 and therefore g 33,ε = |g 3,ε | = 1. These arguments imply that, in particular,
, and
, where the cartesian basis is denoted by
, we define its covariant curvilinear coordinates (v ε i ) inΩ ε as follows:
Therefore, by combining (6), (9) and (10), it can be shown that, on Γ ε C , we havev
We assume that Θ(Ω ε ) is a natural state of a shell made of an elastic material, which is homogeneous and isotropic, so that the material is characterized by its Lamé coefficients λ ≥ 0, µ > 0. We assume that these constants are independent of ε.
We also assume that the shell is subjected to a boundary condition of place; in particular, the displacements field vanishes in Θ(Γ ε 0 ), this is, a portion of the lateral face of the shell.
Further, under the effect of applied volumic forces of densityf
acting in Θ(Ω ε ) and tractions of densityĥ ε = (ĥ i,ε ) acting upon Θ(Γ ε + ), the elastic shell is deformed and may enter in contact with a rigid foundation which, initially, is at a known distance s ε measured along the direction of n ε on Θ(Γ ε C ). For simplicity, we take s ε = 0 in the following. Besides, in the following we shall use the shorter notationΩ ε = Θ(Ω ε ),Γ ε = Θ(Γ ε ). It is well known that the variational formulation of the unilateral contact problem in cartesian coordinates is the following:
denote the elasticity fourth-order tensor and the deformation operator, respectively. We now define the corresponding contravariant components in curvilinear coordinates for the applied forces densities:
and the covariant components in curvilinear coordinates for the displacements field:
Let us define the space,
This is a real Hilbert space with the induced inner product of
The corresponding norm is denoted by || · || 1,Ω ε . By (11), we deduce that the conditionv n ≤ 0 in the definition of K(Ω ε ) in Problem 2.2 is equivalent to v ε 3 ≥ 0. Therefore, let us define the following subset of admissible unknowns:
This is a non-empty, closed and convex subset of V (Ω ε ). With this definitions it is straightforward to derive from the Problem 2.2 the following variational problem:
where the functions
represent the contravariant components of the three-dimensional elasticity tensor, and the functions e ε i||j (
Note that the following additional relations are satisfied,
as a consequence of the definition of Θ in (5). The definition of the fourth order tensor (12) imply that (see Theorem 1.8-1, [6] ) for ε > 0 small enough, there exists a constant C e > 0, independent of ε, such that,
for all x ε ∈Ω ε and all t = (t ij ) ∈ S 2 . The unique solvability of Problem 2.3 for ε > 0 small enough is straightforward. Indeed, combining the use of (13) and a Korn inequality (see for example [6, Th. 1.7-4]), and given that K(Ω ε ) is a closed non-empty convex set, we can cast this problem in the framework of the elliptic variational inequalities theory (see, for example [1, 13, 15] ), and conclude the existence and uniqueness of u ε ∈ K(Ω ε ), solution of Problem 2.3.
Remark 2.4. We recall that the vector field u ε = (u ε i ) : Ω ε → R 3 solution of Problem 2.3 has to be interpreted conveniently. The functions u ε i :Ω ε → R 3 are the covariant components of the "true" displacements field
If the functions involved have sufficient regularity, from Problem 2.3 we can deduce the following strong formulation:
are the contravariant components of the linearized stress tensor field and the functions
denote the first-order covariant derivatives of the stress tensor components.
We now proceed to describe the equations in Problem 2.5. Expression (14) is the equilibrium equation. The equality (15) is the Dirichlet condition of place, (16) is the Neumann condition and (17) is the Signorini condition of unilateral, frictionless, contact.
The scaled three-dimensional shell problem
For convenience, we consider a reference domain independent of the small parameter ε. Hence, let us define the three-dimensional domain Ω := ω × (−1, 1) and its boundary Γ = ∂Ω. We also define the following parts of the boundary,
Let x = (x 1 , x 2 , x 3 ) be a generic point inΩ and we consider the notation ∂ i for the partial derivative with respect to x i . We define the projection map π ε :Ω −→Ω ε , such that
We consider the scaled unknown u(ε) = (u i (ε)) :Ω −→ R 3 and the scaled vector fields v = (v i ) :Ω −→ R 3 defined as
We remind that, by hypothesis, the Lamé constants are independent of ε. Also, let the functions, Γ p,ε ij , g ε , A ijkl,ε defined in (7), (8), (12) be associated with the functions
for all x ∈Ω,
, let there be associated the scaled linearized strains (e i||j (ε)(v)) ∈ L 2 (Ω), which we also denote as (e i||j (ε; v)), defined by
Note that with these definitions it is verified that
Remark 3.2. When we consider ε = 0 the functions will be defined with respect to y ∈ω. We shall distinguish the three-dimensional Christoffel symbols from the two-dimensional ones associated to S by using Γ σ αβ (ε) and Γ σ αβ , respectively. We will study the asymptotic behavior of the scaled contravariant components A ijkl (ε) of the three-dimensional elasticity tensor defined in (20) , as ε → 0. We show the uniform positive definiteness not only with respect to x ∈Ω, but also with respect to ε, 0 < ε ≤ ε 0 . Furthermore, the limits are functions of y ∈ω only, that is, independent of the transversal variable x 3 . Let us recall Theorem 3.3-2, [6] . Theorem 3.3. Let ω be a domain in R 2 , θ ∈ C 2 (ω; R 3 ) be an injective mapping such that the two vectors a α = ∂ α θ are linearly independent at all points ofω and a αβ denote the contravariant components of the metric tensor of S = θ(ω). In addition to that, let the other assumptions on the mapping θ and the definition of ε 0 be as in Theorem 2.1. The contravariant components A ijkl (ε) of the scaled three-dimensional elasticity tensor defined in (20) satisfy
for all ε, 0 < ε ≤ ε 0 , and
Moreover, there exists a constant C e > 0, independent of the variables and ε, such that
for all ε, 0 < ε ≤ ε 0 , for all x ∈Ω and all t = (t ij ) ∈ S 2 .
Remark 3.4. The asymptotic behavior of g(ε) and the contravariant components of the elasticity tensor, A ijkl (ε), also implies that
for certain regular contravariant componentsÃ ijkl,α of certain tensors.
Let the scaled applied forces f (ε) : Ω −→ R 3 and h(ε) : Γ + −→ R 3 be defined by
Also, we define the space
which is a Hilbert space, with associated norm denoted by || · || 1,Ω . We also define the non-empty closed convex subset
The scaled variational problem can then be written as follows:
Remark 3.6. Note that the order of the applied forces has not been determined yet.
The unique solvability of Problem 3.5 for ε > 0 small enough is straightforward. Indeed, combining the use of (21) and a Korn inequality (see for example [6, Th. 1.7-4]), and given that K(Ω) is a closed non-empty convex set, we can cast this problem in the framework of the elliptic variational inequalities theory (see, for example [1, 13, 15] ), and conclude the existence and uniqueness of u(ε) ∈ K(Ω), solution of Problem 3.5.
We now present some additional results which will be used in the next section. First, we recall the Theorem 3.3-1, [6] . 
The functions b αβ , b σ α , Γ σ αβ , b σ β | α and a are identified with functions in C 0 (Ω). Then
for all ε, 0 < ε ≤ ε 0 , where the order symbols O(ε) and O(ε 2 ) are meant with respect to the norm || · || 0,∞,Ω defined by
Finally, there exist constants a 0 , g 0 and g 1 such that
In [6, Theorem 3.4-1], we find the following useful result Theorem 3.8. Let ω be a domain in R 2 with boundary γ, let Ω = ω×(−1, 1), and let g ∈ L p (Ω), p > 1, be a function such that
Then g = 0 a.e in Ω.
In this work we also need the following extension for inequalities:
Theorem 3.9. Let ω be a domain in R 2 with boundary γ, let Ω = ω×(−1, 1), and let g ∈ L p (Ω), p > 1, be a function such that
(25) Then g = 0 a.e. in Ω.
Proof. Given ϕ ∈ D(Ω), with ϕ ≥ 0, we define
and this for all ϕ ∈ D(Ω), with ϕ ≥ 0. Therefore, g ≥ 0 a.e. in Ω. Otherwise, let E ⊂ Ω, with meas (E) > 0 where g < 0. We can define ϕ as a convenient regularization of a cut of the characteristic function of E, and therefore,
which is a contradiction with the previous statement. Now, let ϕ ∈ D(ω), ϕ ≥ 0 and v = e −x 3 ϕ. Then, v ≥ 0 and ∂ 3 v = −e −x 3 ϕ ≤ 0. Therefore, going back to (25) for this particular choice of v, we find that
which, having previously shown that g ≥ 0, is only possible if g = 0 a.e. in Ω.
Remark 3.10. This result holds if Ω g∂ 3 vdx ≥ 0 for all v ∈ H 1 (Ω) such that v = 0 on Γ 0 and v ≥ 0 a.e. in Ω. It is in this way that we will use this result in the following.
Formal Asymptotic Analysis
In this section, we highlight some relevant steps in the construction of the formal asymptotic expansion of the scaled unknown variable u(ε) including the characterization of the zeroth-order term, and the derivation of some key results which will lead to the two-dimensional variational inequalities of the elastic shell contact problems. We define the scaled applied forces as,
where f p and h p+1 are independent of ε, and p is a natural number that will indicate the order of applied forces. We substitute in (23) to obtain the following problem:
Remark 4.2. The existence and uniqueness of solution of Problem 4.1 follows using analogous arguments as those used for Problem 3.5.
Assume that θ ∈ C 3 (ω; R 3 ) and that the scaled unknown u(ε) admits an asymptotic expansion of the form
where
The assumption (27) implies an asymptotic expansion of the scaled linear strain as follows
where,
. In addition, the functions e i||j (ε; v) admit the following expansion,
Upon substitution on (26), we proceed to characterize the terms involved in the asymptotic expansions considering different values for p, that is, taking different orders for the applied forces.
We shall now identify the leading term u 0 of the expansion (27) by canceling the other terms of the successive powers of ε in the inequalities of the Problem 4.1. We will show that u 0 is solution of a variational formulation of a two-dimensional contact problem of an elastic membrane or flexural shell, depending on several factors, and that the orders of applied forces are determined in both cases.
denote the covariant components of the linearized change of metric tensor associated with a displacement field η i a i of the surface S. Let us define the spaces,
where ∂ ν stands for the outer normal derivative along the boundary. We also define the sets (27) is independent of the transversal variable x 3 . Therefore, it can be identified with a function
Proof. Let p = −2 in (26). Hence, grouping the terms multiplied by ε −2 (see (22)) we find that
Considering v ∈ K(Ω) independent of x 3 (see (29) ), the left-hand side of the inequality (32) is non-positive, and then
This would imply unwanted compatibility conditions between the applied forces. To avoid it, we must take f i,−2 = 0 and h i,−1 = 0. So that, back on the inequality (32), using (28), (29) and Theorem 3.3, leads to (note that e
. By taking alternatively v = 0 and v = 2u 0 , we obtain the equality
From here, similar arguments to those used in [6, p. 167] show that
Therefore, we have found that the main term u 0 of the asymptotic expansion is independent of the transversal variable, hence, it can be identified with a function ξ 0 ∈ [H 1 (ω)] 3 such that ξ 0 = 0 on γ 0 , and ξ 0 3 ≥ 0, this is,
Now, let us denote by a αβστ the contravariant components of the fourth order two-dimensional tensor defined as follows:
We recall the following result (see [6, ) regarding the ellipticity of this tensor.
Theorem 4.4. Let ω be a domain in R 2 , let θ ∈ C 1 (ω; R 3 ) be an injective mapping such that the two vectors a α = ∂ α θ are linearly independent at all points ofω, let a αβ denote the contravariant components of the metric tensor of S = θ(ω). Let us consider the contravariant components of the scaled fourth order two-dimensional tensor of the shell, a αβστ defined in (33). Assume that λ ≥ 0 and µ > 0. Then there exists a constant c e > 0 independent of the variables and ε, such that
for all y ∈ω and all t = (t αβ ) ∈ S 2 .
Theorem 4.5. Assume that V 0 (ω) = {0}. Then, ξ 0 verifies the following variational formulation of a two-dimensional contact problem for elastic membrane shells: Find ξ 0 : ω −→ R 3 such that,
Before providing the proof we need some auxiliary results, which are given in the following lemmas: Proof. Since u 0 is independent of x 3 (see Theorem 4.3), by using (28) and (29) we obtain that e 
On the other hand, we obtain that
Proof. Let p = −1 in (26) . Grouping the terms multiplied by ε −1 and using (37), we find that
By considering a test function v independent of x 3 , and using similar arguments as in the proof of Theorem 4.3, we obtain that f i,−1 and h i,0 must be zero (recall (37), as well). Therefore, from the left-hand side of the last inequality we have,
for all v ∈ K(Ω). If we take v ∈ K(Ω) such that v 2 = v 3 = 0 and v 1 = v 3 = 0 alternatively, we have the inequality
The equality is consequence of taking both v σ and its opposite (recall that v 3 = 0), and by using Theorem 3.8, we conclude
Going back to (40), we obtain
for all v 3 ∈ H 1 (Ω) with v 3 = 0 in Γ 0 and v 3 ≥ 0 on Γ C . In particular, the previous inequality is valid for the test functions in Theorem 3.9, and therefore we obtain
That is, we find (39).
We are now ready to give the proof of Theorem 4.5:
Theorem 4.5. Let p = 0 in (26) . Grouping the terms multiplied by ε −1 and ε 0 , and taking into account (22) and (37), we find that
for all v ∈ K(Ω). Taking v ∈ K(Ω) independent of the transversal variable x 3 , it can be identified with a function η ∈ K(ω), and we have by (29) that e −1 i||j (v) = 0. Moreover, since e 0 α||3 = 0 by (38), and since e 0 α||β = e 0 α||β (u 0 ) = e 0 α||β (ξ 0 ), we have
Now, by using the expression of e 0 3||3 found in (39), we have that
where a αβστ denotes the contravariant components of the fourth order twodimensional elasticity tensor defined in (33).
follow from the definitions (28), (29) and (30) . We end by combining (31), (45) and (46).
Remark 4.8. The limit problem in Theorem 4.5 can be described as the scaled variational formulation of a two-dimensional unilateral contact problem for an elastic membrane shell. More precisely, it can be described as an obstacle problem, since now the conditions are in the domain, ω, while in contact problems as the original three-dimensional problem, the conditions are on the boundary of the domain, Ω.
Remark 4.9. Since by hipothesis, we have that V 0 (ω) = {0}, it is easy to show that ξ 0 is unique. The existence requires to pose the problem in a space wider than V (ω). This issue is discussed in the next section of this paper.
Now, let
denote the covariant components of the linearized change of curvature tensor associated with a displacement field η = η i a i of the surface S. Theorem 4.10. Assume that that u 1 ∈ K(Ω) and K F (ω) = {0}. Then ξ 0 is solution of the following variational formulation of a two-dimensional contact problem for elastic flexural shells: Find ξ 0 : ω −→ R 3 such that,
+ , and h i,3
Before providing the proof of this theorem we need some auxiliary results, which are given in the next lemma.
Lemma 4.11. Assume that K 0 (ω) = {0}. We find that e 0 i||j = 0 in Ω, and ξ 0 ∈ K F (ω).
Moreover, assume that u 1 ∈ K(Ω). Then, there exists a function
Also, the following first-order terms of the scaled linearized strains are identified:
Moreover, e
Proof. For (35) η ∈ K 0 (ω) \ {0}, we find that
Hence, in order to avoid compatibility conditions between the applied forces we must take f i,0 = 0 and h i,1 = 0. Then, taking η = 2ξ 0 and η = 0 in the inequality (35) leads to
which implies that γ αβ (ξ 0 ) = 0, that is, ξ 0 ∈ V 0 (ω). Therefore, by (46), we find that e 0 α||β = γ αβ (ξ 0 ) = 0. Moreover, by (28) and (39) we have that
By the definition of e 0 α||3 in (28) and using (38), we have that
hence,
Since, in particular, we are assuming that u 1 ∈ V (Ω) and since ξ 0 is independent of x 3 by Theorem 4.3, there exists a field ξ 1 ∈ V (ω) such that
Notice that the first equality above gives that ξ 0 3 ∈ H 2 (Ω). Further, since ξ 0 α = 0 on γ 0 , then ∂ ν ξ 0 3 = 0 on γ 0 . Therefore, we have ξ 0 ∈ V F (ω). Moreover, since u 1 ∈ K(Ω) and ∂ 3 u 1 3 = 0, this implies that
. Since e 0 i||j = 0, coming back to the terms multiplied by ε 0 (see (43)), we have
for all v ∈ V (Ω). Notice that this inequality is analogous to (40) but now involving the terms e 1 i||j instead of the terms e 0 i||j . Therefore, using similar arguments as in Lemma 4.7, we deduce the expressions in (49). Now by the the definitions in (28) in terms of ξ 0 i and ξ 1 i and replacing ∂ β b σ α terms from (24), after some computations we have that
Hence, by (30) for η = ξ 1 and (47) for η = ξ 0 , it follows from (51) the equality (50).
We are now ready to give the proof of Theorem 4.10.
Theorem 4.10. Let p = 1 in (26) . Note that, taking into account the results in the previous lemmas and theorems and, particularly, since e −1 i||j = e 0 i||j = 0, we can go on grouping and canceling the following order terms from the original inequality. Therefore, by grouping the terms multiplied by ε, we have
for all v ∈ K(Ω). Taking v = η ∈ K(ω) (which implies that v is independent of x 3 ), by (29) we obtain
for all η ∈ K(ω). Since e 1 α||3 = 0 (see Lemma 4.11), we obtain
for all η ∈ K(ω), which is analogous to the expression obtained in (44). Therefore, following the same arguments made there, taking into account Lemma 4.11 and using (50), we find that
for all η ∈ K(ω). Note that, in particular, we are assuming that K 0 (ω) = {0}. Therefore, for η ∈ K 0 (ω) \ {0} and since γ αβ (ξ 0 ) = 0, we have that
hence, in order to avoid compatibility conditions between the applied forces we must take f i,1 = 0 and h i,2 = 0. On one hand, coming back to inequality (52), we find that
and take v = v(η) in the previous inequality, thus leading to (see (29) )
for all η ∈ K F (ω). Now, if we repeat the previous process by using −v(η) which still belongs to K(Ω), since v 3 (η) = 0, we obtain the opposite inequality, and therefore, the equality holds:
On the other hand, let p = 2 in (26) . Grouping the terms multiplied by ε 2 and using the results in lemmas 4.6 and 4.11, we find that
for all v ∈ K(Ω). Consider now any v which can be identified with a function η ∈ K F (ω). By using (29) we deduce
Hence by taking into account again the results in lemmas 4.6 and 4.11 (particularly, recall that e 1 σ||3 = 0), we have
for all η ∈ K F (ω), where p i,2 is defined in (48). By subtracting (53), we obtain
for all η ∈ K F (ω). Now, by having in mind Lemma 4.11 and (29) we have that
Note that the contribution of the last term above to the left-hand side of (54) can be removed while keeping the inequality. Furthermore, by (29) we also find that
and making some calculations we conclude that
Therefore, by the arguments and calculations above, and using (50) and(49), the left-hand side of the inequality (54) leads to
for all η ∈ K F (ω). Hence, going back with this result to (54), we obtain the limit problem formulated in the theorem.
Remark 4.12. The problem formulated in Theorem 4.10 can be described as the scaled version of the variational formulation of a two-dimensional unilateral contact problem (or, more precisely, obstacle problem) for an elastic flexural shell. The existence and uniqueness of solution is discussed in the next section.
Remark 4.13. Note that, unlike the non contact case, studied in [6] , we do not find that ξ 1 ∈ K 0 (ω), not even under the assumption that K 0 (ω) = {0}.
Existence and uniqueness of the solution of the two-dimensional problems
In what follows, we show the existence and uniqueness of solution for some of the two-dimensional limit problems found in the previous section, namely the elliptic membrane shell and the flexural shell. The study of the remaining cases of membranes are more technically involved and will be presented in a forthcoming paper. We shall present both limit problems in a de-scaled form. The scalings in Section 3 suggest the de-scalings ξ ε i (y) = ξ 0 i (y) for all y ∈ω.
Elastic elliptic membrane shell contact problem
When the middle surface S of a membrane is elliptic, and γ = γ 0 , the right space to find a solution is V M (ω) := H 1 0 (ω) × H 1 0 (ω) × L 2 (ω). Accordingly, we define K M (ω) := {η ∈ V M (ω), η 3 ≥ 0} as the subset of admissible displacements. For this type of membranes it is verified the two-dimensional Korn's type inequality (see, for example, Theorem 2.7-3, Note that this implies that V 0 (ω) = {0}, as required in Theorem 4.5. Therefore, we can enunciate the de-scaled variational formulation of the contact problem for an elastic elliptic membrane shell as follows:
Problem 5.1. Find ξ ε : ω −→ R 3 such that, and where the contravariant components of the fourth order two-dimensional tensor a αβστ,ε , are defined as rescaled versions of (33).
If θ ∈ C 3 (ω; R 3 ), it is verified the following Korn's type inequality (see, for example, Theorem 2.6-4, [6] Theorem 5.4. Let ω be a domain in R 2 , let θ ∈ C 3 (ω; R 3 ) be an injective mapping such that the two vectors a α = ∂ α θ are linearly independent at all points ofω. Let f i,ε ∈ L 2 (Ω ε ), h i,ε ∈ L 2 (Γ ε + ). Then the Problem 5.3, has a unique solution ξ ε ∈ K F (ω).
Proof. Let us consider the symmetric bilinear form a ε : V F (ω)×V F (ω) −→ R defined by,
for all ξ ε , η ∈ V F (ω) and for each ε > 0. By the ellipticity of the twodimensional elasticity tensor established in (34), and by using a Korn's type inequality (see (56), we find out that a ε F is elliptic and continuous in V F (Ω). Also notice that p i,ε ∈ L 2 (ω) and K F (ω) is a non-empty, closed and convex subset of V F (ω). Therefore, the Problem 5.3, which can be formulated as the elliptic variational inequality
has a unique solution.
Conclusions
We have identified two-dimensional variational formulations of obstacle problems for elastic membranes and flexural shells as the approximations of the three-dimensional variational formulation of the scaled, unilateral, frictionless, contact problem of an elastic shell.
To this end we used curvilinear coordinates and the asymptotic expansion method. We have provided an analysis of the existence and uniqueness of solution for these problems but, in the case of the membranes, the proof is limited to the case when it is elliptic. The proof of the existence and uniqueness of solution for the other cases of membranes is an issue for a forthcoming paper.
The asymptotic approaches found need to be fully justified with convergence theorems. Guided by the insight obtained from the formal analysis developed in this paper, these results will be presented in forthcoming papers.
